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Abstract. We present a complete classification, at the classical level, of the observables of topological
Yang—Mills theories with an extended shift supersymmetry of N generators, in any space-time dimension.
The observables are defined as the Yang—Mills BRST cohomology classes of shift supersymmetry invariants.
These cohomology classes turn out to be solutions of an N-extension of Witten’s equivariant cohomology.
This work generalizes results known in the case of shift supersymmetry with a single generator.

1 Introduction

The prototype for topological theories of Witten’s type
is the four dimensional topological Yang-Mills theory of
Witten [1-3], whose quantum observables are the Don-
aldson invariants [1,4]. This model is characterized by a
shift invariance, or “shift supersymmetry”, generated by
a single scalar fermionic charge, which is interpreted as
the BRST invariance describing the non-physical charac-
ter of the connection, with the result that only global “ob-
servables”, namely the Donaldson invariants, are present.
Generalizations to supersymmetry (SUSY) with N = 2
or more generators were already proposed some years ago
in [5-7] and more recently in [8-11]. The construction of
Lagrangian models for the gauge fixing of the shift super-
symmetries may be found in [6] and, for arbitrary N and
arbitrary space-time dimension, in [10,11]. Most of these
constructions are based on a superspace formalism for shift-
SUSY introduced first in [12]. There, gauge invariance is
formulated in terms of superfields. The Faddeev—Popov
ghosts being superfields, supergauge invariance represents
invariances with respect to a supermultiplet of local sym-
metries. However all these local invariances, except the
original gauge invariance, may be fixed algebraically in a
manner very similar to the Wess—Zumino (WZ) gauge fix-
ing of the usual supersymmetric gauge theories [13]. The
equivalence of the superspace theory and of the original
one, e.g. that of Witten in the N = 1 case, is made explicit
in this WZ-like gauge [6,10, 14].
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The problem of the characterization of the observables
of such theories was defined by Witten [1,15] as the com-
putation of “equivariant cohomology”, i.e. the cohomology
of the shift-SUSY generator in the space of the gauge in-
variant local functionals of the fields. It was shown in [14]
that this problem is almost equivalent to the presumably
more tractable one of calculating, in the superspace for-
malism, the cohomology of the BRST operator associated
with superspace gauge invariance, in the space of shift-
SUSY invariant local functionals. In fact, this equivalence
is exact up to solutions which are obviously trivial in the
sense of Witten’s equivariant cohomology.

Our purpose is to characterize, for general N and gen-
eral space-time dimension, and in a formal classical set-up,
all the observables defined as solutions of the BRST co-
homology for SUSY invariant objects. We will also show
that these solutions — up to some of them which turn out
to be obviously trivial — are equivalent to solutions of an
equivariant cohomology, defined in the WZ-gauge as a gen-
eralization of the N = 1 definition of Witten.

Section 2 presents an introduction to the superspace
formalism, with superfields, superforms, supergauge invari-
ance, superconnection, superghosts and BRST symmetry.
The WZ-gauge fixing is recalled in Sect. 3, where also a gen-
eralized definition of equivariant cohomology is proposed.
The problem of finding the observables and its solution
are explained in Sect. 4. In Sect. 5, we write down the gen-
eral result in the WZ-gauge, show that the integrands of
the observables obey a set of generalized Witten’s descent
equations and that they are non-trivial in the sense of
equivariant cohomology. Our conclusions are presented in
Sect. 6. Superspace conventions and notation are given in
Appendix A. Some useful propositions on the relative coho-
mologies of a general set of n coboundary operators, needed
in the main text, are stated and proved in Appendix B.



228

Appendix C contains the proof of another proposition of
a more technical character. The WZ-gauge is recalled in
Appendix D, where a one-to-one correspondence between
the fields in this gauge and a set of covariant superfields
is constructed.

This paper may be viewed as a continuation of both
papers [14] and [10], the first reference dealing with the
problem of the observables in the case N = 1, and the
second one presenting an introduction to the superspace
formalism for N > 1 and the reduction to the Wess—Zumino
gauge. Preliminary results of the present work were pre-
sented in [11].

2 N-extended supersymmetry

“Shift supersymmetry” may describe the gauge fixing of
gauge field configurations with null curvature, or alterna-
tively with self-dual curvature. It appeared originally in the
Donaldson-Witten model [1,4], with one supersymmetry
generator in four dimensional space-time. Generalizations
of it for more than one supersymmetry generator and for
any space-time dimension were described in [6,10,12,14],
where the superspace formalism has been developed. The
purpose of this section is to review the formalism and fix
the notation.

2.1 N superspace formalism

N supersymmetry is generated by the fermionic charges
Qr, I =1,...,N obeying the Abelian superalgebra'

[QlaQJ] = 05

commuting with the space-time symmetry generators and
the gauge group generators. The gauge group is some com-
pact Lie group.

A representation of supersymmetry is provided by su-
perspace, a supermanifold with D bosonic and N fermionic
dimensions?. The respective coordinates are denoted by
(x#, p=0,...,D—1),and (', I =1,...,N). A super-
field is by definition a superspace function F'(z,6) which
transforms as

(2.1)

iF(x 0)

Q[F(Q]‘,H) 891

=8;F(z,0) = (2.2)

under an infinitesimal supersymmetry transformation.
An expansion in the coordinates 67 of a generic super-
field reads

Noq
F(z,0) :f(x)—l—zﬁeh
n=1 "

! The bracket is here an anticommutator. Throughout this
paper brackets will denote either commutators or anticommu-
tators, according to the statistics of their arguments.

2 Notation and conventions on superspace are given in Ap-
pendix A.

0™ fr, ..

,(x),  (23)
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where the space-time fields f,. j, (z) are completely anti-
symmetric in the indices I . I We recall that all fields
(and superfields) are Lie algebra valued. These fields and
superfields may be generalized to p-forms and superfield
p-forms:

(2.4)

+Z Lakt

n (2.3) or (2.4), the components n > 1 are SUSY trans-
forms of the lowest component. This may be viewed ex-
plicitly through the identity

2,(z,0) = exp{@IQl}wp(x)
Al |
= Z:O ﬁgh

which holds due to the easily checked superfield property
0182, = Qr2, and the fact that a superfield is uniquely
determined by its 8 = 0 component.

We shall also deal with superforms. A g-superform may
be written as

Qp(,0) = wy(z nwp,h 1, (7).

(2.5)

..91" an A Q]l wp(x)7

q
:Z ki 1y 1, A0 A0 (2.6)
k=0

where the coefficients £2,_, 1,...5, are (Lie algebra valued)
superfields which are space-time forms of degree (¢ — k).
They are completely symmetric in their indices since, the
coordinates @ being anticommutative, the differentials df’
are commutative. The superspace exterior derivative is de-
fined as A
d=d-+do'o,

d = dz"d,, (2.7)

and is nilpotent: d2= 0.
The basic superfield of the theory is the superconnection
A, a l-superform:
A=A+ E;dd*, (2.8)

with A = A,(z,0)dz" a 1-form superfield and E; =
Ef(z,0) a 0-form superfield. The superghost C(z,0) is
a O-superform. We expand the components of the super-
connection (2.8) as

+Z—0’1

where the 1-form a is the gauge connection, and the 1-forms
ar,...1, its supersymmetric partners. The expansions of E;
and of the ghost superfield C read

RO Sr T
0+ 3

ah I, (:v), (29)

E]ZBI elll I, ((E)7

011 I, (1‘) (210)
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The infinitesimal supergauge transformations of the super-
connection are expressed as the nilpotent BRST transfor-
mations

SA=—dC—[C,4], sC=-C? &*=0. (2.11)
In terms of component superfields we have
SA=-dC—-|[C,A], SE;=-0:C-|C,E],
SC = -C>. (2.12)
The supercurvature
F=dA+ A2 = Fy +W; d0' + &;; do7de?  (2.13)
transforms covariantly:
SEF =-[C, F),
as well as its components
Fa=dA+ A%, W =0rA+ DaFEy,
bry = % (0O1E;+ 0;Er + [Er, Ey)), (2.14)

where the covariant derivative with respect to the connec-
tion A is defined by D4(-) = d(-) + [4, ()]

Special cases, N = 1,2 and a discussion of the WZ-
gauge can be found in [10].

3 Observables as equivariant cocycles

As discussed in [10] and recalled in Appendix D, it is possi-
ble to suppress all the supergauge degrees of freedom except
the usual one corresponding to the # = 0 component c of the
superghost C'. This is the so-called “WZ-gauge fixing”, ob-
tained by fixing to zero a set of field components asin (D.1).
In the WZ-gauge the supersymmetry generators must be
modified into new operators @y, see (D.5)) differing from
the previous ones, @1, by a field dependent gauge transfor-
mation. Accordingly, the algebra of the supercharges @
closes up to field dependent gauge transformations as in
(D.7).

A possible generalization for any N of Witten’s equiv-
ariant cohomology [1] may be defined as follows, in the
WZ-gauge.

(1) An “equivariant cocycle” is a gauge invariant local field
polynomial — integrated or not — obeying the conditions

QA=0, I=1,...,N. (3.1)

(2) A “trivial cocycle” is an equivariant cocycle of the form
A=Q;...Qn4,

where A’ is gauge invariant.

(3) The “N-equivariant cohomology” is the set of equiva-
lence classes of equivariant cocycles corresponding to the
equivalence relation

A1%A2

(3.2)

& A — Ay s trivial. (3.3)
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This suggests the following generalization of Witten’s def-
inition.

Definition 1. An “observable” is an element of the N-equiv-
ariant cohomology.

Remark. In the superspace formalism, a SUSY invariant
has necessarily the form of a total SUSY variation A =
Q1...Qn4, as stated in Corollary 1 of Proposition B.43.

4 Observables
as supersymmetric BRST cocycles

4.1 Defining the problem

Computing the equivariant cohomology defined in the pre-
ceding section is presumably a difficult task. Instead of
this, we shall generalize to arbitrary N the approach made
in [14] for the case N = 1, defining observables, in the su-
perspace formalism, as elements of the BRST cohomology
in the space of the SUSY invariant space-time integrals of
local field polynomials. Our task is thus to define and find
global observables, of the form

“Aw = / Kud,
My

an integral of a p-form on a manifold My of dimension
d. The labels of a form Swg are defined as follows. S is
a N component vector, with components (s1, s2,...,Sn)
equal to the (non-negative) SUSY numbers, p is the (non-
negative) form degree and g is the (non-negative) ghost-
number.

The observable (4.1) has by definition to satisfy the
BRST cocycle condition:

(4.1)

sEA; =0, Epg#8 KA, (4.2)

KA(d) and KAI

(@) being submitted to the SUSY constraints

Qr KA;=0, Q; KA, =0, I=1,2,...,N. (4.3)

4.2 General solution of the SUSY constraints

We shall solve (4.3) for KA, the solution for XA/, being
analogous. From (4.3) we obtain the following equations
for the integrand defined in (4.1):

Qr (k1,...kr, kN)w2_|_d(k1, Jkr+1, *’61\/)(U271:()7

I=1,2,...,N. (4.4)

3 The cohomology defined here should not be confused with
that of the nilpotent operator @ =", elQror Q= > ' Qr,
where the € are commuting constant supersymmetry ghosts.
The latter may be used in matters such as perturbative renor-
malization; see e.g. [16,17] in the context of supersymmetric
gauge theories.
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Using Proposition B.4, we conclude that the general solu-
tion is given by

B0 =Qr...Qn KPS + d®¢Y |, (4.5)
where E'isthe N dimensional vector E = (1, 1,...,1). From

the identity (2.5) obeyed by any superfield and the fact
that a product of more than N operators 7 is identically

vanishing, we see that we can replace the form % _Ewg in
(4.5) by the superfield form
KﬁEQg(xa 9) = exp{@IQI} Kwag(x)’ (46)

and thus we can write (4.5) as

EOx)=Q1...Qn 5 F%x,0)+d %Y |, (4.7)
and write (4.1) as a superspace integral?:
Kpy :¢ E=E0(x,0). (4.8)

4.3 General solution of the BRST cocycle condition

The BRST invariance condition (4.2) yields, for the inte-
grand of (4.1),

SHHELG 4 d 1B | =0,
H+Ew1

for some form 4_1- From our previous result (4.7),
this can be rewritten as

SQi...Qn TS +d HHELL =0, (4.9)

For convenience we have redefined the SUSY numbers by
putting H = (hy,...,hn) = K—E = (k1 —1,..., ky—1).
Let us show that the second term in the latter equation
can also be written as a total SUSY variation. Applying
@1 to this equation we obtain

dQr By =0, I=1,...,N;

hence, due to the triviality of the cohomology of d in the
space of local field functionals [18]:

(...),

Application of Proposition B.4 with §; = Q7 and 6,, = d
then yields

Ty =Q1...Qn K 7P025  (x,0) +d(...),

and (4.9) takes the form

Q1H+E 1 I=1 N.

Wag—1 =

yeeey

Qr...Qn (ST +d "0y ) =0. (4.10)

Now, application of Proposition B.2 gives

SRS +d Q) +> Q" Pray=o. (4.11)
I

4 See the definition given by (A.2) in Appendix A.
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We shall show now that we can generate from the latter
equation a complete set of “multi-descent equations” — a
generalization of the notion of descent equations to the
case of more than two antiderivative operators, which are
here the operators S, d, Q1, ..., @Qn. In order to do this,
it is convenient to work with “truncated superforms” [14],
a special case of the “truncated extended forms” intro-
duced in Appendix C. We define a truncated superform of
degree g by

24 = 2] ©, (4.12)
where f)q is a g-superform as defined by (2.6), which we
may write as®

q |S|=k
Q=YY 504 4 (d0)° (4.13)
k=0 S
q si+..+sn=k
=y > eI (dhh)T . (dN) Y,

and where truncation, labeled by the exponent ¢ )7
means discarding, in the expansion (4.13), all the terms
of degree ¢ — k > d, s; > hy (I = 1,...,Ix). Explicitly®
we have

q S<H,|S|=k

024 = Z Z

k=Max{0,q—d} S

S0, 1 (d6)%,  (4.14)

where S < H means s; < hy, VI. We shall denote by c‘f(d,H)
the space of truncated superforms defined by (4.12) and
(4.14).

The exterior derivative d acting in the space c‘:'(d, H) 18
defined, according to (C.3), by

A0, = [de,]

q S<H,|S|=k

= 2

k=Max{0,q+1—-d} S

Dy

I=1

d 502, 1 (d6) (4.15)

g S<H-Ey,|S|=k

2 2.

k=Max{0,q—d} S

dr 5 0,1d07 (d9)°

As shown in Appendix C, d is nilpotent. Proposition C.1
may be restated as follows.

Lemma 4.1 The cohomology of d in the space g(d7 H) COn-
sists of the truncated superforms of maximal weights:
2p =" 24(d0)",

D=d+ |H| (4.16)

5 The second summation in (4.12) is performed over all non-
negative values of the SUSY numbers sy, constrained by |S| = k,
where |S| = Zf’:l SI.

6 Recall that all numbers such as form degree, SUSY number
and ghost-number, are non-negative. As a general convention,
any term which may appear with negative such numbers is
understood to vanish.
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One checks easily that (4.11) may be written in terms of
truncated superforms:

SO +d0RL_, =0, (4.17)
where D = d+|H|, and the upper index as usual denotes the
ghost-number. The two truncated superforms appearing in
this equation are

2% =" (4.18)

QL =10 (d) +ZH Er l(dg)yH—Fr.

I=1

Applying d to (4.17), we obtain

which, due to the triviality of the cohomology of d , solves in
SOL 4+ d0D .
Repeating the argument we finally obtain the (S, d)
descent equations

S, +d 025"

D—g—17 g=0,...,D.

(4.19)

These are the “multi-descent equations” which characterize
the observable (4.1), of dimension d and SUSY weight
H + E. These equations read explicitly”

599+d599+}+ZQ S=Pr ol =0, (4.20)
g:D_p_|S|7 S]ZO,...,I’L], pZO,...,d,
where S = (s1,...,sn5), H = (h1,...,hn), |S] = Zivsl,

|H| = Y hy and D = d + |H].

4.4 Solving the multi-descent equations
4.4.1 Cohomology of S

With the purpose of resolving the multi-descent equations
(4.19), our first task will be to resolve the cohomology of the
BRST operator S in the space Eg of the local polynomials in
the superfield forms of the theory and of their derivatives,
and then in the space £ ) of the truncated superforms
(4.12). An obvious algebraic basis of g is given by the set
of superfields (2.9)—(2.10) and their derivatives:

{A7 EI) Oa A, Ip..
dA 1,..1,,

Ern.n,.Cn.1
dC]l I,

dA, dE;, dC,
(4.21)

Iy

jn>1},

Ins

dEL I..

I

where we use the notation X j, ., =0, .
f-derivatives.

..0r, X for the

" For the case of one SUSY generator [14] they are called
bi-descent equations.
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A more convenient basis is one that consists of BRST
doublet superfields and of covariant superfields. The BRST
doublets are identified as

A A
(Egl.?.lna K}l)ln) , n>1, (4.22)

where the E() are the completely antisymmetrized 6-
derivatives of Er, and the K*) are their BRST variations:

A A A
E%.?.In = E[11712~~-In]’ KL.?.I” = SEEL?.I,,,?

(GO
SK; 1 =0.

The remainder of the basis is given by the set of covariant
superfields constructed in Appendix D and shown in (D.8).
A complete algebraic basis is thus provided by

A A A A
{Egl.?.1n7 K§1..).In’ dE;y?.In’ dK§1..).In ;N Z 1}
@ {4, ¢ Fa dcwf, (n=1), 00", (n>2),

DAr, (n>1), Dad (n>2)}. (123)

A first obvious conclusion is that the fields E}?) I and

K }f) 7, and their derivatives do not contribute to the coho-
mology of S, since they are BRST doublets [17]. Moreover,
the fields !P 1,1, and ¢( 7, can be viewed as “matter”

fields, transformmg in the adjomt representation of the
gauge group. Then, as a consequence of the general results
of [18], we can conclude that the cohomology of S in the
space Eg consists of the local polynomials generated by
the cocycles

., rank Q) (4.24)

and
PE e oM Dt DaeM) ), (4.25)

where P™V(...) is any gauge invariant polynomial of its
arguments, and where 6, is the ghost cocycle associated
in a standard way [18] to the rth Casimir operator of the
gauge group G and given, as a function of the superghost

C, by
1 Myl (my —1)!

gr!
1, r=1,...

0,(C) = (—1)™ T C9r

(gr =2m, — ,rank G), (4.26)
where the index r labels the rth Casimir operator of the
structure group (gauge group) G, whose degree is denoted
by m,. An obvious generalization of the results of [18]

shows that the cocycles (4.26) are related by superdescent

. 19r—P
equations involving superforms {97} of form degree

P
p > 0 and ghost-number g, — p
~ 19r—P AT A 79r—p+1
sla]” " +dfo]" " =0 (v=0,.0), (27)
P p—
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with [ér} ZT =0,(C) and d {ér}o = f,(F), where
gr
fr(F) = Tr ™

(r=1,...,rank G), (4.28)

F = dA + A? being the supercurvature (2.13). According

.70

to the last one of (4.27), the “bottom” superform {0,«}
gr
is the Chern—Simons superform of degree g, associated to

the rth Casimir operator.

A straightforward generalization of the result (4.24)—
(4.25) from superfield forms to truncated superforms yields
the following lemma.

Lemma 4.2 The cohomology of S in the functional space
E(a,m) is given by the truncated forms whose non-vanishing
coefficients are polynomials in the superfield forms given
in (4.25).

4.4.2 Cohomology of S modulo d

The resolution of the cohomology of S modulo d in the
space E:’(d7 ) of truncated superforms, i.e. the resolution
of the multi-descent equations (4.19) has been done in
Appendix A 4 of [14] for the case N = 1. The computation,
relying on the cohomologies of d and S in g(d7 i) (Lemmas
4.1 and 4.2), applies as well to arbitrary N, thus leading
to the following proposition.

Proposition 4.3 The general solution of the multi-descent
equations (4.19) corresponding to the observable (4.1) is
generated, at ghost-number zero, by two classes of solutions.
The first one is given by the superfield forms (recall that
H = K — E) Solution of Type I:

"8 (d0) = He}o

gy

Fra(F) oo [, <F>}

S=H,p=d
with

L
|H|+d=D, D=2 m, -1, L>1,
i=1

(4.29)

. 70
where the Chern—Simons superform [0,} and supercur-

ar
vature invariant f,.(F) are defined by (4.26)(4.28).

The second class of solutions depends on the superfield
forms F, ¥ and &) appearing in the cohomology of S
(see (4.25)) and it is given by Solution of Type II:

M A M
é(ll..).fn ? DAWI(l)In ? DAégl)I“) )

(4.30)
Here, Z9 is an arbitrary invariant polynomial of its
arguments, which has a form degree d and SUSY-numbers
given by H, and which is non-trivial in the sense that

10§ =Hzy (P, .

N
Hzg#d"e)  +> Q" Praf.
I=1
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Let us make two remarks.
(1) As in the N =1 case [14] the superspace integral (see
(4.8)) of any solution of the type (4.30):

KA, :;é K—E 20

which belongs to the BRST cohomology in the space of
the SUSY invariant BRST cocycles, is in fact trivial from
the point of view of the equivariant cohomology defined in
Sect. 3. Indeed, being the space-time integral of a super-
field form

1 _
K= Qi Qu P2,

where ¥ ’EZg is gauge invariant, it reduces in the WZ-

gauge to an equivariantly trivial expression:

I,

where K20 is gauge invariant.

_ This follows from the fact that the operators @; and
Q@7 coincide, when applied to gauge invariant expressions,
as seen from (D.5).

(2) As we shall see in Sect. 5, solutions of the type (4.29)
are not trivial from the point of view of the equivariant
cohomology. In the case N = 1 [14] they are the Witten—
Donaldson observables [1]. The cases N > 1 thus offer a

generalization of the latter ones.

K—-E_0
Zd»

1 -~ -
ngz—le...QN/

Mg

4.5 Superform expression of the observables

Let us consider the untruncated version of (4.19) involving
full superforms (see (2.6)):

SQY_, +d%"

g=0,....D (4.31)

(D = |H|+d).

It can be shown [14] on the basis of the results of [18] con-
cerning BRST cohomology that the general solution of the
superdescent equations (4.31), which contains superforms
down to and including ghost-number g = 0, is given by

()9r P o197k
D—gry

Oni] Fra(F) o fry (F),

.

p=0,...,0r, (4.32)

A 19 =P .
with the [9”} " and the supercurvature invariant f,(F)

P
defined by (4.26)—(4.28). The superfield components 29,
with |S|+ g+ p = D, of these superforms are clearly solu-
tions of the multi-descent equations (4.19) since the latter
is a subsystem of (4.31). The corresponding observables
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are given by the superspace integrals of the superfield com-
ponents of the expansion

2 = [0n.] Z FraB) o oy ()

|H|<D

= > "0l 4 do)", (4.33)
H
i.e. (see (4.1) and (4.8))
KAd :¢ H“ng
d=D—|H|, (4.34)

K=H+(1,...,1).

On the other hand, we see from (4.33) taken with all possible
values of D and of the numbers g,, that the components of
the solutions of the superdescent equations (4.31) span all
the solutions of type I (4.29) of the multi-descent equations
(4.19). Thus we have the following.

Proposition 4.4 If f)% represents the general solution of
the superdescent equations (4.31), then the superfield forms
H !2%4 Hl defined by the expansion of 2% in (4.33) represent
the general solution of type (4.29) of the multi-descent
equations (4.19).

We note for the sake of completeness that the superforms

Agry —P .
25" oy +p obey the system of superdescent equations
AGry =P 79 —p+1 _
Sy 4p T g Gp1s P=000ei0r,

involving ghost-numbers up to the value g,,, which is less
than the maximum possible value D if L > 2.
A convenient way of representing the observables (4.34)
and deducing interesting properties of them, is based on the
~T~ 70 .
identity d [0} = f,.(F) for the Chern-Simons form,

1

and the expansion

00 = fo (B) .. fr, (F) (435)
1<[S|<D+1
:ffl(F)fTL(F)_F Z SWg+1—|S|(d0)Sv
S

with the first term being a d-derivative, and
N
s S—E s
Wg+17\5| = ZQI IQ%+1,|S| +d Q%fw. (4.36)
I=1

Integrating both sides of the latter equation in superspace,
we see that we can write (4.34) as

= ()™

(4.37)

H+E 0
QN + JWd7

Qr...Qy...

Mg
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with H =K —-FE,d=D - |H| = D+ N — K, where
the notation X means suppression of the factor X. The
value of J in the right-hand side is arbitrary. Let us show
that the expression is in fact independent of J as it should.
Applying the nilpotent operator d on (4.35) we obtain the
descent equations

N

H—FE H
ZQI "Whiooim +d T Whiy g =0,
I=1

1<|H|<D+1,

N
> Qi TEWE =0, |H|=D+2. (4.38)
I=1

Considering the difference of the expressions (4.37) ob-
tained for two values of J, which we may choose without
loss of generality as J = N and N —1, respectively, we obtain

Q1...QNn_2 (QN—1 H'=Bxayw? 1 Qu HLENWL?) ;
Mg
H' =H+ Ex+ En_1,

which, by virtue of (4.38) for |H| = D + 2 — d, reads

N—-2
S BT SR )
Ma I=1

and which vanishes due to the nilpotency of the opera-
tors Qy.
5 Witten’s observables and descent equations

Let us rewrite the integral (4.37), expressing a generic
observable, as a space-time integral:

KAy = / Kwa,
Mgy

the integrand being defined up to a total space-time deriva-
tive. Let us define the latter as

(5.1)

N
Kg = Z(_1)N*Jou Q1...Qy...Qn T EIWO |
J=1 0=0
(5.2)

with ) ; oy = 1. It is clear from the discussion at the end
of the last subsection that, to the contrary of its integrand,
the integral does not depend on the arbitrary numbers
a. Calculating

Koa=(D)""1arQr...Qn TTEWY

Qr

and



. .QndHTEAEY
6=0

= ()N Qr...Qn "TTEWY,

where we have used (4.38) for the last equality, we conclude
that the integrands (5.2) obey the descent equations

Qr Fwg+ard Frw, =0,

I=1,....N, N<|K|<D-d+N. (53)
We can now go to the WZ-gauge (see AppendixD). The
forms Kwq being gauge invariant functions of the covariant
superfields (D.8) taken at # = 0, they reduce to correspon-
dent gauge invariant functions of the covariant WZ-gauge
fields (D.2) by virtue of the correspondence (D.10). More-
over, since the expressions are gauge invariant, the appli-
cations of the generators Q7 and @ are identical. Hence,
(5.3) reduce to

5 K K+E
Qr fwig+ard *tFrw, =0,

I=1,...,N, N<|K|<D-—d+N, (54)

which are the possible generalizations to arbitrary N of
Witten’s descent equations [1].

Specializing to two particular values of the set of num-
bers ay, we would obtain

~ 1 1
Qr Rwa+ N dE+Erwg 1 =0 (al = ) )

N N
Qs Bwg+ dBE+TErw,_y = O}
Ql Kwd =0, I 7é J

(OZJ:].,(X[:O,I#J). (55)
Let us recall that in all systems of equations above, any
term with negative SUSY number or form degree is assumed
to vanish.

Equations (5.4) show that our solutions, which solve
Witten’s descent equations, are indeed Witten’s observ-
ables, their space-time integrals being @ -invariant for any
I. It remains to show that they are non-trivial in the sense
defined in Sect. 3. For this it is sufficient to check the non-
triviality of the w’s of highest SUSY numbers (hence of
zero form degree). The latters are Q;-invariant, and read
(see e.g. (5.2) for a1 =1, ay = 0,1 # 1, and (4.35))

Lt dndngpy = (—1)V71Qa... QN
X (dsllr]l’ T ’éln']n) |symmetrized in (In,....Jn)"°
with n = Y>% | m,., where we use the notation (4.13) and

(X1,...,X,) is a symmetric invariant polynomial of its
arguments. In the WZ-gauge

LI dngye = (=1)V 10, ... QN

M M
X (611J1 e eIan) }symrnetrized in (I1,...,Jn)"°
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with n = Zle M.

It is easy to check that the e% can never be written
as a Q-variation. Hence wy cannot be written as a full
Q1Qs ... Qn-variation and thus belongs to the equivari-
ant cohomology.

6 Conclusion and open problems

The results on the classification of the observables known
for the topological Yang—Mills theories with one supersym-
metry generator were generalized to the case of theories
defined with more supersymmetry generators. We have
obtained a complete classification of the observables ac-
cording to their definition as non-trivial BRST cocycles in
the space of supersymmetry invariant local functionals.

Although our solutions are solutions of the equivari-
ant cohomology problem defined in Sect.3, we have no
proof that it provides the complete solution of the latter.
However, we have also found generalized Witten’s descent
equations for the integrands of the observables and showed
their non-triviality in the equivariant cohomology sense.

Our results are formal, being established in the classical
approximation. Their interpretation at the quantum level
as topological invariants remains an open problem in the
general case of arbitrary numbers of SUSY generators and
space-time dimensions, although some results are known
for special cases, in particular for N = 2 [6,9].
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hospitality during a visit under the Associate Program.

Appendix A:
IN-supersymmetry and superspace

(D, N)-superspace bosonic coordinates are denoted by z*,
@ =0,...,D —1, the fermionic (Grassmann, or anticom-
muting) coordinates being denoted by 6%, I —1,..., N.
The N supersymmetry generators (); are represented on
superfields F(z,0) by
QiF =0/F = iF
I - I - 801 i
where, by definition, 967 = §7.. Further conventions and
properties concerning the #-coordinates are the following:

O =er, 0. 0" = N1ot . oY,
(80)N — 611.‘.1Nah ~-~aIN =N!09;.. ~aN;
(9)V0™ = —(N1)?,

(A1)

where e/t~ is the completely antisymmetric tensor of

rank N, with the conventions

N (—1)N+L fidy

6[1,..]1\] =
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One may define the conserved supersymmetry number —
the SUSY number—attributing the value 1 to the generators
@7, hence —1 to the #-cordinates. The SUSY number of each
field component is then deduced from the SUSY number
given to each superfield.

Superspace integration of a superfield form (2,(x, 9) is
defined by the integrals

;érzp(x,e) = /Mp /dNe 2,(z,0),

where the z-space integral is made on some p dimensional
(sub)manifold M,, and the 6-space integral is the Berezin
integral defined by

/d%...:-ﬁ(a@w...,

such that [dV6 0N = 1.

(A.2)

Appendix B:
Some useful propositions

The propositions and proofs presented here are general-
izations of results given in [18]. They hold for both usual
forms and superfield forms.

Definitions and notation. Let w(*1-5n) be forms whose
weights s; are associated to n operators d;, (i =1,...,n),
nilpotent and anticommuting, i.e. {J;,d;} = 0. The coho-
mology group of each operator ¢; is trivial by hypothesis. If
some of the weights s; are negative we have, by convention,
w(s18n) = (. We shall use the condensed notation

n
W(Sl ’’’’ sn) :wsv S = (513"'a3n)7 |S| :ZSia
=1

E;=(0,...,1,...,0)

(unique non-vanishing component is a 1

at the ith position),

E:iEi:(1717...71),
1=1

S—T= (slftl,...,snftn)

S<T & s;<t;,i=1,...n. (B.1)
The forms w® may be fields or superfields. We have
Proposition B.1 Let the set of forms {w?~Fi |i=1,... n}
= {wtti=henta) |4 =1 n} satisfy the cocycle con-
dition .

> 6w =0 (B.2)
i=1
(1) The set {w?=Fi|i =1,...,n} can be extended to an

extended form @, defined by

|S|=|T|-1
o=y W (B.3)
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such that .
So=0; 0= 6. (B.4)
i=1
(2) There exists an extended form
|S|=IT1-2
p= Z 9057 (B5)
s
where w and ¢ satisfy
=14 ¢. (B.6)
Corollary 1 The cohomology of § is trivial.
Corollary 2 The general solution of (B.2) for any w’ i
is given by
wl—Fi = Z(SjgoT_E*_Ej, j=1,...,n, (B.7)
j=1
where all o7 =Fi=Fi for 4, j = 1,...,n are components of

a single extended form ¢.

To proof Proposition B.1, we note the following. We will
proceed by induction from the case n = 2 which will be
first treated explicitly.

Case n = 2. In this case, (B.2) is given by

51“)(751*11152) + 52w(t17t2*1) =0. (B8)

The proof of Part 1 is as follows. Applying d; to (B.8)
we obtain d28;w 22~ = 0. Remembering that the coho-

mology of J, is trivial, we deduce the existence of a form
wtit1t2-2) "gych that
51w(t1,t2—1) + 62w(t1+1’t2_2) =0. (Bg)
Repeating successively this procedure we finally get
(51w(|T|_1’0) =0,

IT| = t1 +to. (B.10)

We have thus obtained the set of equations

61w(t1+k‘71,t27k) + 52w(t1+k,t27k71) — O7 O S k S t2.

Applying now d2 to (B.8) and using the triviality of the
cohomology of §1, we obtain in an analogous way

51w(t17k/71’t2+k/) + (52w(t17k/’t2+k/71) =0, 0<k <t.

These last two systems of equations can be put into a
unique set:

Srwtrtp=Lt2=p) 4 5, y(trtpt2=p=1) — ()
(B.11)
_tl S p S t27

which is exactly (B.4) written in components, correspond-
ing to the extended form and to the extended operator

o+

2

&= whFP=LR=p) 5 = §) G,

(B.12)

p=—11
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The proof of Part 2 is as follows. Equation (B.11) for p =
—t; is (B.10). From the triviality of the cohomology of o
we obtain the general solution

WOITI=1) — 52¢(0’|T|*2)7 (B.13)
and by substituting (B.13) in (B.11) for p = —t; + 1,
we obtain
b3 [=o1p 1712 4 (LTI — g, (B.14)
whose general solution for w™®I171-2) ig
wBITI=2) = 5, LOITI=2) 4 5, ,(LITI=3), (B.15)

The procedure continues until (B.11) for p = t2 —1, leading
finally to

wtitp=1ita—p) _ 51¢(t1+p*27trp) + 52@(t1+p71,trp71)’

—t1+1<p<ts, (B.16)

with the last equation, for p = ¢, being identically satisfied.
Notice that the set (B.16) can be put in the form (B.6) with

to

5 (t1+p—2,t2+p)
g= > o :
p=—t1+2

(B.17)

The general case

In order to establish the proof for general n we suppose that
the proposition is valid for (n — 1). Applying for example
01 on (B.2), we get

(B.18)

By the induction hypothesis there exist (n — 1) forms
w(t1+1,t2*2,t3,m,tn) and w(tl+17t2717t3)"'7ti717~~~atn)’ with 1 =

3,...,n, such that

51w(t1,t2—1,t3,...,tn) + (52w(t1+1’t2_2’t3""’tn)

n

+ E 6iw(t1+17t2_17t37--~7ti_17~--»tn) — 0
=3

(B.19)

Repeating the procedure we get

61w(f,1+k—1,t2—]€,t3,...,tn) + 62w(t1+k7t2_k_17t37---7tn)

n
+ 6.w(t1+k,t2—k‘,t3,...,t¢—
E i

=3

Letn) — 0, (B.20)

with 0 < k < t5. Beginning the same procedure from
(B.2), but applying d2 and considering the cohomology of
01, 03,...,0p, We obtain

1ta+k ts,...

Stk = i) 4 Gtk 2tk Lt tn)
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n
t1—k' to4+k ta,.. ti—1,..tn) _
) Gl R ) =0,

=3

0<k <t. (B.21)

We can unify the last two set of equations in the follow-
ing one:

61w(t1+p*1,752*P7t3,--~7tn) + 52w(t1+p>t2*p*1;t37m,tn)

n
t1 D ota—pitseestimTLyestn)
_|_§ §iw(1pzp3 i n)_o7
=3

—ty <p <ty (B.22)

Introducing now the 2-extended operator 5(1’2) =01 + do
and the sets of 2-extended forms

5 Sl+52:£
~g:7523)w~7ti*17-~,tn) _ Z w(81782,t37~»-,t7‘,—1»--~tn),
51,52
1=3,...,n,
. Sl+52:£71
~((i7,,;)1,t37"~,tn) — Z w(51752,t3,...t71), (B23)
81,52
we can rewrite (B.22) as
~(t 1,t3,05tn) ~ (Eotgsesti—Ltn)
5(12) 12)3 +Z5 123) =0,
t=t +to. (B.24)

Observe that the operator 5(172) is nilpotent and an-
ticommutes with the others §;. By virtue of Proposition
B.1 already proved for the case n = 2, its cohomology is
trivial. In order to solve (B.24) we make use of Proposition
B.1, true for (n — 1), by assumption, where the (n — 1)
operators are given by {5(172)763, ..., 0,}. We have thus
the extended form

S+sz+...+sp,=|T|—1 s1+...+sp=|T|—1

Z NEf ;; ..... Sn) — Z

5,83,y Sn S15--38n

w(517'-*7sn)

=w,

(B.25)
satisfying (B.2):

<5(1,2)+Z5i>a:8@:0, 5= 4.

i=3
We also know from Part 2 of Proposition B.1 for (n—1)
that there exists an extended form

S+sz+...+sp=|T|-2

>

§,83;:.,5n

ASY!

s1+...+sn=T|—-2

= ), purtm=g,
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which satisfies

=3

Now we have

(B.27)

Proposition B.2 If the form w = w” = w(t1-+») satisfies
51w =0, (B.28)
it admits a solution of the type
w= Z(Si T B, (B.29)
i=1

The proof of Proposition B.2 is by induction. For the case
n =1 (B.28) reads dw = 0, and from the triviality of the
cohomology of § the solution is given by

w=4¢p.
For the general case, we can rewrite (B.28) as
(61 ‘e 5n—1)§n w = O, (B30)

and supposing that Proposition B.2 is valid for (n — 1), we
can solve (B.30) with respect to d,w, obtaining

n—1
5wt = S 5B (B3
i=1
From Proposition B.1 it follows that
n
w=Y 6" (B.32)
i=1

We have O

Proposition B.3 If the form w? = w(t) satisfies the
following equation:

81 0wl 4 8T TE T FE=En — g (B.33)
then the general solution for it is given by
Wl = Z(Si eI =i, (B.34)
i=1

To proof this we note the following. Applying ¢,, on (B.33)
we have

61 ... 0p—10, w' =0,
whose solution is (B.34) by virtue of Proposition B.2. O
We have
Proposition B.J If the form w? = w(1t) satisfies the

following set of equations:

6wl 48, TETEr =0 i=1,...,.n—1, (B.35)
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the general solution is given by

T

wh =61 . 6, 1t BB 5 ) TEn - (BL36)

We also have the following.

Corollary 1 Let wT = w(t-tn) obey the following set
of equations:

swl =0, i=1,...,n (B.37)
Then the general solution for (B.37) is
wh =6,...6, T B177En, (B.38)

To achieve a proof of Proposition B.4, we write from Propo-
sition B.1 the solution for the first equation of the set (B.35):

wlh =817 1 6,(..0). (B.39)
Substituting it into the second equation of (B.35) we have
620107 E1 £5,(...) =0. (B.40)

From Proposition B.3 we get the solution for (B.40):

@T_El = 61¢T—2E1 + 62<pT_E1_E2 + 571( . ) (B41)
Substituting (B.41) into (B.39) we arrive at
Wl = 81607 TE 7 E2 15 (L), (B.42)

Repeating the argument we finally obtain the result (B.36).
O

Appendix C:
Truncated extended forms and cohomology

Let us consider as in Appendix B the forms ¢ = ¢(71+-7n)
which may be fields or superfields. The notation and con-
ventions are explained in the beginning of that appendix.
The nilpotent extended operator 4 and an extended g-form
of total weight ¢ are defined as

|R|=q

F=3 5. = Y ok
=1 R

Let us define the truncated extended ¢ forms associated to
the highest H = (hq, ..., hy) (in short: truncated forms) as

(C.1)

(tr) |R|=q, R<H

=3 = X e

The truncation, indicated by the exponent “®)” means
discarding in the expression all the forms of degree not
constrained by R < H. The polynomials in these trun-
cated forms and their truncated exterior derivatives span

(C.2)
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the space g7, with the exterior multiplication and deriva-
tion rules

o o D o !
¢l{1 52 _ {(bflh g2i| ; 5¢q — {6(#1} (Cg)
4 is obviously nilpotent, and the operations defined in (C.3)
map Ey to Ex. We have

Proposition C.1 The cohomology of 0 in the space Eg
consists of the highest weight truncated forms
— g, G £ g

! (C.4)

Let us remark that a highest weight truncated form ¢!¥!
is always closed: 6 ¢/#1 = 0.

The proof of Proposition C.1 is by induction. The result
being obvious for n = 1, we shall prove it for the generic
case n assuming it to hold for n — 1. Let us divide the
weights rq, ..., 7, in two subsets: r; and R’ = (rq,..., 7).
We define accordingly the partially extended operator &
and the partially extended forms

n ‘R ‘—T
5/:Z§i7 /(q'rr) qu(q TR) TZO,"')‘L
i=2
(C.5)
as well as the partially truncated extended forms
(tr’) |R":’l‘, R’SH’
(&/ (g—rr) — |:(ZSI (q—r,r):| — Z ¢(q—T,R/)7
RI
r=0,...,q, (C.6)

on which act the partially truncated derivative §’ defined by
(o)

§'¢! ) = {gfq;/ <q7m«)}

n ‘R/|:T7 RISH/*Ei

:Z; Z

R/

8l )

r=0,...,q. (C.7)
From the induction hipothesis, the cohomology of ' is
trivial in the subspace of the partially truncated forms
(C.7) restricted by the condition r < h'S.

Let us now solve the cohomology equation:

591 = (C.8)
The truncated form (C.2), can be written as
3 Min(q,h") 3
I S e (c.9)

r=Max(0,q—h1)

We thus have to examine separately the four cases 0 <
q<hi,hi <qg<h, W <I[H <h,q=IHl=h+PW,
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'
r
A

h' 4 (4)

.
-

hy ™

Fig. C.1. Weight diagram for the partially truncated super-
forms ¢’ "1™ The numbers (1), (2), (3) and (4) refer to the
four cases examined in the text

corresponding respectively to the areas (1), (2), (3) and to
the point (4) of Fig. C.1.
Case 1: 0 < g < hy. We have

q
g511:23923/0177:7“)7 gngzz (61 + &)/ la=rm),
r=0

The cohomology condition (C.8) implies the follow-
ing equations:

615/ (@0) = Oa
Sldv)/(qfr,r) _|_61¢V)/(q7r71,r+1) — 0’ r= 1"“7q_ 17
51 0 _ g

Solving these equations in turn, beginning from the first
one, we obtain easily, using the triviality of the cohomology
of 51,

(;3' (¢,0) — 511[}/ (q—1,0)’

(ZB/ (g—rr) — 61’([} ! (g—r—1,r) + 5/&/ (q—v",r—l)7
r=1,...,q—1,

G 0D = §7q 7 (0.a=1),

This result can be rewritten as

q—1
_ Z’lL 1 (g—1—mr,r) )
r=0

We note that for ¢ = 0 we have @0 = ¢’ (09 and the
solution is ¢ = 0. We have thus proven the triviality of
the cohomology in case 1.

A1 =691t with 97! (C.10)

8 We use the notation b’ for |H'| = 37" h;.

=2
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Case 2: hy < g < h'. In this case the truncated form is

given by
q

ng: Z Qg/(q—r,r)’

r=q—h1
and the cohomology condition (C.8) yields
5/¢')/ (h1—r,g—h1+71) + 51(2'5/ (h1—r—1,g—hi+r+1) _ 0,
r=20,...
Sld)/ (0,9) — 0.

ahla

This time one has to begin with the last of these equa-
tions, and use the induction hypothesis according to which
the cohomology of ¢’ is trivial when applied to partial trun-
cated forms (C.6) which are not of maximal weight, i.e such
that » < A’. The solution reads

1(0,9) — 5/1[} / (O,q—l))

<

(ZB/ (rg—r) — Squ 1 (r,g—r—1) + 511[}/ (74—1,q—r)7

which again may be written as in (C.10), showing the
triviality of the cohomology in case 2.
Case 3 h' < g < |H|. The truncated form reads

q—h'

P = Z ¢’ a=rm),

r=q—hs

and the cohomology condition (C.8) yields
§1g! (m=ra=hitr) 45 g1 (h=r=la=hitr+l) _ o
P=0,... hi+h —q—1. (C.11)

The situation is a bit more subtle. We begin from (C.11)
with r = 0, and use the result of Corollary 2 of Proposition
B.1 — valid due to the triviality of the cohomology of both
01 and ¢’ —, from which we can write

é’ (hi,q=h1) _ 5’12)’(h1,q—h1—1) + 51,&/(hl—17(1—h1)7
(&l (h1—1,g—h1+1) _ 5/,&/(}“—1,(]—}“) + 61,(/;/(h1—2,q—h1+1).

(C.12)

Now substituting this result in (C.11) for r = 1 and using
the triviality of the cohomology of d1, we get the first of
the following equations — the one for » = 2 is

é/ (h1—r,g=hi+r)
_ 5/1[)/ (h1—7,g—h1+r—1) + 611[1/ (hlfrfl,qfhlJrr),

r=2,...,hi+h —1, (C.13)

and the remaining ones, for r > 3, are obtained in the usual
way using the triviality of the cohomology of §;. The result

(C.13) can be rewritten as (C.10), showing the triviality
of the cohomology in case 3.
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Case 4: ¢ = |H| = hy+h' This is the case of highest weight:

1=’ (h1,h") _ ¢(h17-~-7h")7
which satisfies identically the cohomology condition (C.8).
It may be the ¢’-variation of some truncated form v’ ‘H|’v1,
or not. In the latter case it belongs to the cohomology of ¢'.

Joining together the results of these four cases ends the
proof of Proposition C.1. O

Appendix D: Wess—Zumino gauge
and covariant superfields

As shown in [10] it is possible to fix algebraically the gauge
degrees of freedom corresponding to the ghosts ¢y, . 1, (z)
(1 <n < N), through the conditions®

er(z) =0,

e[HlIn](x)zo (1 S’I’LSN) (Dl)

This defines the so-called Wess—Zumino (WZ) gauge, anal-
ogous to the one encountered in the supersymmetric Yang—
Mills theories [13]. We are left with the usual gauge degree
of freedom corresponding to the ghost ¢(x). The physical
degrees of freedom are labeled by the covariant fields
{Fa7 a’ll...Inv eglz/{?.]n+17 Daafl...fna Daeg/_[_)_jnﬂ 7 n Z 1} b
(D.2)
where F, and D, are the Yang—Mills curvature and the

covariant exterior derivative with respect to the connection

a, and eﬁd) 1, is the mixed symmetry tensor correspond-

ing to the second Young tableau in the right-hand side of
Fig.D.1, and defined by the expansion

M)
€Ly dnt1 = €[ 1s...0041] + eg'lIg.A.InJFl’
with
1 n+1
M
€§11)2“_In+1 = ] Z (eIlIg.A.Ik...InJrl + €1k12...11“.1n+1) .
k=2
(D.3)
The BRST transformations of the fields (D.2) are covariant:
56 = —[c, 4] (D.4)

The stability of the WZ-gauge choice requires a redef-
inition of the SUSY operators — acting on the fields (D.2)

and a: ~

Qr = Q1+ 60,
2 |
3H x 10 = B + 0
n+1 0] H O

Fig. D.1. Expansion (D.3) of the tensor ey, r,...1,,

(D.5)

9 The field components of the superfields of the theory are
defined by (2.9) and (2.10).
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where d(y,) is a supergauge transformation of field depen-
dent parameters

Lo

o €rr.. I

AlLy..1, = (D.6)
equivalent to a superfield BRST transformation (2.12) with
the ghost components ¢y, ., given by (D.6) and with
¢ = 0 [10]. The superalgebra (2.1) now closes on the
gauge transformations

~ A M
[Qb QJ] = 726gauge(€3‘1))
of the field dependent parameters e%[).
Let us now show that there is a bijection between the set
of fields (D.2) and the following set of covariant superfields:

(D.7)

{Pawf, o, . Dav

A)
Iy...Iny10 1

1o Dadl in=1),

hodpyr
(D.8)
F4 and D 4 are the Yang—Mills curvature and the covariant
exterior derivative with respect to the superfield connec-
tion A, and the remaining elements are defined from the
supercurvature components (2.14) by

A
Wz(l..).fn =YL L] (D.9)
M n
égli.).lnﬂ e (Pry Lol lsdnia) T Pra[1 (L. I s1]) -
The bracket [...] means complete antisymmetrization in

the indices, the bar | symbolizes covariant 6-derivations,

YL, = D1, ... D1, ¥y, DX =0;X +[Er, X],

and the mixed symmetry tensors @gli/l) s belong to the
expansion of the covariant f-derivatives @y 1,1, 1,,, in
irreducible representations of the permutation group Sy, 4+1:
they correspond to the Young diagram shown in the right-
hand side of Fig.D.2.

All the objects X in (D.8) are covariant, i.e.

SX = —[C, X].

The bijection between the set (D.2) and the set (D.8) is
simply given by the fact that the elements of the former are
equal to the § = 0 components of the elements of the latter,
provided the WZ-gauge conditions (D.1) are applied:

-<In+1

(M) (M) _
(Faa ALy Lys €1y 1y Datny.1, Daey, =

7

0=0,WZ

11...17,,+1’ 11...In+1

3 -

4 -

P (1] = P+

[ 12
n+1 I:I

Fig. D.2. Expansion of the tensor @, r,r,..

(Patf o Dl Dt )

g1
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n>1. (D.10)

This is obvious for F'4. For WI(IA) 1, » We observe that each ¢-
derivative of ¥ brings in factors of f-derivatives Ey 1, . 1,
or space-time covariant derivatives of them. However, only
completely antisymmetrized derivatives Er, . 7,] may
contribute as factors to the completely antisymmetric ten-
sor (&) Since these completely antisymmetrized deriva-
tives vanish at 8 = 0 due to the WZ-gauge conditions, we
are left with the simple f-derivatives of A, which at 8 =0
yield the fields ay, . 1, . The same conclusion holds for the

terms DA![/I(lA..).In‘
The argument is similar for the terms &

(and
D A@(III/.I.). In+1): only factors of completely antisymmetrized

derivatives of E; may contribute to these mixed symmetry
tensors, made from covariant f-derivatives of the symmetric
tensor @y, 1, and symbolized by the diagram shown in the
right-hand side of Fig. D.2. And this same diagram defines

the symmetry properties of egllvl) Inss

(M)
I Ipya
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